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Plan for the lectures

K: field A : algebra over K
M : A-module (K-vector space with an A-action)

/ A-Mod : (category of)
all A-modules

The Ziegler Spectrum:

Points: (iso-classes of)
Indecomposable pure-injectives

(determined by)
Finite matrix subgroups




Plan for the lectures

Part 1: Examples of
T K-algebras and modules:
L‘) } 2. polynomial ring,

3. path algebra.

Part 2: Finite-matrix subgroups and
pp-definable subgroups of a module.
Pure-injective modules and examples.

Part 3: The Ziegler spectrum and finite
representation type of an algebra.




K-algebras and their modules

Example: The field K

K-module = K-vector space

Every K-vector space ____ -, Mis isomorphic
M has a basis to K(x)

-

Direct sum of copies of K
indexed by



Example: The polynomial ring K[X]

What is a K[X]-module?

Pi=k,+k X+k X +..+kX"

\/OK[’(] PV = (Re*RX+. 4 kXY .V

= kv + R(X\)+. . & k,\(x",v)

K-vector space
with a K[X]-action K[X]-action depends on
K-vectorspace and action of X




What is a K[X]-module?

‘EXQAAPUZ: Fix m2o, ke K
J—h : KM —_— KM'

V| o

X 0000.-

K-vector space
with a K-linear e X €K
endomorphism Jordan block

Exercise: Show this defines the module K[x"\/(x_k}'“
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The direct limit of the sequence:
- Colimit in the category of K[X]-modules
- There is an explicit construction

The k-Prufer
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Example: The path algebra A =KQ/<pP > where

(Y4 R 2
Q= Gi 527 )% p=Fux®, 5% spa]

= K-vector space with basis 1e,,e,, x, 8,5,8%, 883
with multiplication given by concatenation of paths

Whatis a /\A-module? | , (v, S \,

Two K-vector spaces and three K-linear maps J

such that L 2 _



= D(Gi . ?ZQS p:=3 &, S?'} 8(304}

For every “string”, we can define a module, as follows:

M(z,)
Vi 01 00 y

o 1
V /s \f (K=K
5000 010
0 010 —




Another example:
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Once again we have a sequence of homomorphism:

2./~ N 3 /N 2y Y\

v' \‘l‘:& "“a./;‘ \:t v‘ \‘l:. w‘../PV‘ \':'} "‘{;‘ \:‘ : \3 / ;‘ \l: w‘/:‘ \:‘ Nc/;’ \:'
PR ANA N WAV
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Y[EN M(z,) M(z,)



The direct limit yields a /\-module:




K-duality

Recall from linear algebra:
Given a K-vector space V, we define the dual K-vector
space V* = Hom,, (V, K).

This defines a functor HomK(-, K) : Vect-K — Vect-K.

Definition: Let A be a K-algebra.

Given an A-module M, we define the K-dual A"-module

M* = Hom, (M, K) with A'-action A" x M* — M* given by
(a, f)—~ af where (af)(m) =f(am).




Remarks:
1. If A is commutative, then A = A" e.g. K or K[X].
2. (A")'=A
3. There is an equivalence of categories
A’'-Mod = Mod-A
4. Duality defines a functor
Hom,(-, K) : A-Mod — A’-Mod

Direct product of copies of K

Examples: indexed by o .

1. The K-dual of K™ is K™,
2. The K-dual of the k-Prufer module is called the
k-adic module.




Exercise: Show that /\' = KQ*/ < e*> where

Ql::: D(Gj_ . ,@* ) Q%*/O*::{(‘x*)z ) (S")z) 0(*/3*3*}

What is a /A -module? G v, LY D

Two K-vector spaces and three K-linear maps J
such that

\’;*20 ) \/8?;:0 ? V“*V

P*VS* =



Q*I':. ‘xGi . ﬁ* 9 Q% i(‘x e (S* axﬁ*gk}

Consider the string
‘\% /‘; \3* '/3* \3 /ﬁ* \g ......

J = \f* p \ﬁ* Jue Y‘” /«* \"3"/:*

The K-dual M(y*)* is G K —K ' 3

with the action: /;'V /P \ /F \ /P'\« ......

W

Wi \f /s \," /s \f /S v'\i/;



Finite matrix subgrougs

Recall that we aim to _~— A-Mod : (category of)
. . all A-modules
define the Ziegler
The Ziegler Spectrum:
SpeCtrum Of A Points: (iso-classes of)
\/ Indecomposable pure-injectives
(determined by)
Finite matrix subaroups

Finite matrix subgroups of an A-module M:

- distinguished K-subspaces of M
M — - form a lattice
- each one determined by a pointed
\ finitely presented module (N, n)



Definition: Let M be an A-module. A K-subspace H of
M is called a finite matrix subgroup if there exists a
finitely presented A-module N and an element n of N

and
/ H={f(n)|f:N—M}.

X/ Notation: Let (N,n) be a

Finitely presented means | pointed finitely presented

that there exists an exact module. Define
sequence HN,n(M) ={f(n)|:N—>M}.

AA-A—>N—0



Example: Consider the path algebra /\=KQ/<P > where

¥ I .
Q= (1L A/Q_QS /<>==§:r><z R Sﬁu}

and the pointed finitely presented module (M(z,), w,):

v, Vs
N b\
V,. Vll.
WA

The finite matrix subgroup H, . (M(z)):

M AN A NN A
Y/S \f’/S \f /s \‘L/s



Example: The following diagram indicates the finite
matrix subgroup H,_ (M(z.)):

) :&‘ /P \ ./P \
X /s \" /S \”

Remark: Let (N,n) be a pointed finitely presented
A-module.

There is a functor H,.: Mod-A — Vect-K such that
an A-module M is sent to the vector space H, ,.(M).




PE-definable subgrougs

Let M be an A-module. A set of A-linear equations
ax+ax+..+ax=0
ax+ax+..+ax=0

axtax+..+ax=0

my 2

determines a K-subspace of M:

% M EM lamz”")m“:aj‘w\\ tT...405,My=0 V|~<J £ M‘E



Note that the equations
ax+ax+..+ax=0
ax+tax+..+ax=0

axtax+..+ax=0

my 2

are determined by the (m x n)-matrix P:= (a;:).

CPP(M):': {M‘GM\QM“.,,,Mn : aj.m,+...+aj,\u,‘=o Vl$35m}

Definition: A K-subspace of the form ¢,(M) for some
(m x n)-matrix P is called a pp-definable subgroup of M.




Example: Consider the path algebra /\.. Recall that

& < 2 2
Q= (1L e?_Q% /o-=<{o< , S }S(m}

and consider the system of /\-linear equations:

EX, =0 . 5 b o
[BXg=Xy =0 0 -l B0
X Kg=Xg =0 O 0 - X

6)(4:0 OOOﬁ



e(x| = 0

e, © O O
SX| - = '

"X =0 = p=[8 -1 0O
[3Xg=Xy =0 0 -l 80
XX¢=X3 =0 0 0 -

BXg = 0 00 0R

Consider the module M(z) where

2___“\" /P\, /P \ v \:‘ .
X /s \p /3 \p /5 \f;/s

Ms
M¢



Proposition: Let U be a K-subspace of an A-module
M. Then the following statements are equivalent:

1. There exists a pointed finitely presented
module (N, n) such that U = H,  (M).

2. There exists a matrix P such that U = ¢ (M).

Idea of proof:

ax+ax+..+ax=0 P

ax+tax+t..+ax=0 ~ A A" ~——>P A"-'I-) N-0
ax+ax+..+ax=0 T ((1,9,..,0)) =n



Pure-iniective modules

Definition: Let M be an A-module and let L be an A-
submodule. Then L is called a pure submodule if

¢.(L) = . (M)NL
for all matrices P.

A monomorphismf : L >5M is called pure if im(f)cM
is a pure submodule.

Examples: 1. Any direct summand is a pure submodule.

2. The canonical monomorphism M — M** is pure.



Definition: A non-zero A-module N is called pure-injective
if every pure monomorphism f: N —>M splits.

Examples: 1. A module is pure-injective iff it is a direct
summand of a dual module.

YME A-Mod, M5 M** s pure
IL M pure—tnjedwve, fhan ev spidls =2 M (s a EB—SWW%
2. Every finite-dimensional module is pure-injective.

M=M*X nd - dim i =dig MP* > M2 Mr*

3. Every injective module is pure-injective.




The Ziegler Spectrum

Definition: An A-module M is indecomposable if,
whenever M = N&L, we have that N =0 or L=0.

The points of the Ziegler Spectrum of A are the
isomorphism classes of indecomposable pure-
injective modules.

Denote the set of points by Zg,.




Examples of points of the Ziegler spectrum of K[X]: For

any k in K, the k-Prufer and the k-adic modules:

( ) ob.. k00O OO
N 00.. 1R0000
K D s } k™) Fhit

‘OO
ompP
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Examples of points of the Ziegler spectrum of AN T

modules M(z) and M(y*)*:

Vs

NN AN N e Y
2 A A AV WA Y

...... VA A AN,

e 4



Definition: A pair of matrices (P, Q) is called a pp pair
if o, (M)< ¢, (M) for all A-modules M.

Theorem (Ziegler,_1984): Consider the following subsets
of Zg, indexed by pp pairs (P, Q):

(%) ={Me 2g,| &, (M) # &, (M) }
Then Zg, is a topological space with open sets:
U AR oS
(P,Q)€ §L{Q/ OJ— PF P

This space is called the Ziegler spectrum of A.




Definition: A topological space Z is called quasi-compact
if whenever 7 - \eJI U
for U open sets, there exists a finite subset F< L such that

2-Yu

L€F

Ziegler showed that the open sets (%) are quasi-compact.

It follows that Zg, is quasi-compact:

Bk P=0 ol Q=1. Tlun oMY= M
ondl k()= 0. So Fn= (*bg)




Example: The Ziegler spectrum of K[T]

- the finite-dimensional module KY@ "
for each k in K and each m>0 (x-K)

-the k-Prufer module for each k in K | @) [“MW

-the k-adic module for each kin K ™D Fg;‘gg;_g}

-the field of fractions K(¥X)



Example: The Ziegler spectrum of /\

-the finite-dimensional /\-modules

-the modules M(z) and M(z’) where

Vs

2= X /P‘\“* A A 2= I\ A A
* Wy v Wy Ve w Ve wt Wy v Wy Ve w v, W*
\fw/% \¢ /s 0 /s \p/s \ /s \¢ /5 Xp/s
1 Ws Ws w3 WS

-the dual modules M(y*)* and M(y’*)* with actions

%

LN N N W N SN N
SN A A A 4 NA VA A 4

-a module Ba(N) for every infinite-dimensional N in Zg, .,



Finite reEresentation-txge and the

Ziegler spectrum

Let U denote the set of finite-dimensional points in Zg,
where A is a finite-dimensional algebra.

Proposition: 1. The closure U of U is equal to Zg, (dense)

2. For every M in U, the set {M} is an open set (isolated)

3. For every M in U, the set {M} is a closed set (closed)



Theorem: Let A be a finite-dimensional algebra. Then
the following statements are equivalent:

1. The set U is finite i.e. A has finite representation type.
2. The Ziegler spectrum has only finitely many points.

3. The Ziegler spectrum does not contain any infinite-
dimensional points.

Prooh = ()= (1)
()= (2), (3>_:_ U=\ G s closd by Prop (3)
= U=U= 2gq by *rep (1)
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